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ABSTRACT

A differential method of orbit improvement utilizing observational
data is presented for Vinti's spheroidal solution of the dynamical
problem of unretarded artificial satellite motion about an oblate planet,
recently modified so as to permit the exact inclusion of the effects of
the third zonal harmonic term of the planet's gravitational potential
field. The first-order Taylor's series expansion used for the equations
of condition is fitted to observational values by an iterated least-squares
process, producing successively smaller corrections to the orbital
elements. A mean set of elements, conditioned by the observations, re-
sults for use in orbital predictions for intermediate time points or for
later epochs. The differential coefficients in the conditional equations,
applicable to any type of observational data, are derived analytically
from the equations of the accurate reference orbit. The method of dif-
ferential correction may be used for orbits of all inclinations, including
equatorial and polar; both a first-order treatment and a lengthier, but
more exact, second-order treatment for the periodic variables are

given,
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DIFFERENTIAL CORRECTIONS APPLIED TO VINTI'S
ACCURATE REFERENCE SATELLITE ORBIT WITH INCLUSION
OF THE THIRD ZONAL HARMONIC

by
Harvey Walden and Stan Watson
Goddard Space Flight Center

INTRODUCTION

In order to predict the precise position, at a given time, of a satellite revolving about a planet,
an extensive mathematical theory of the satellite's motion and the exact values of certain physical
parameters (e.g., gravitational constants) are required. If the position of an artificial satellite of
the earth is to be determined relative to an observer on the earth's surface, then, in addition, the
accurate geodetic position of the observer is necessary. Any mathematical theory of motion is
based upon certain constants of the motion which initially must be determined empirically. Once
approximate values for these constants of the motion are available, then they may be utilized in the
theory to predict future orbital positions of the satellite. A comparison between the positions pre-
dicted by the theory and those actually observed will indicate discrepancies, expressed numerically
as the differences between the observed positions and the respective computed positions., These
differences are known as observational residuals, and the fact that they are nonzero is due to
several causes. One fundamental cause which unfortunately is ever present is the inadequacy of
the theory, in that it is unable to account mathematically for all of the physical forces acting upon
the satellite, Moreover, there are always errors associated with the observations themselves, be-
cause of fluctuations in the atmospheric density, optical imperfections in the telescope, inaccura-
cies in the reduction of the observational recordings, and the like. Further, the physical parameters
required by the theory often are not known with sufficient precision, and the geodetic position of the
observer likewise may be measured inaccurately. Finally, there are errors introduced by the
approximate values for the constants of the motion used in computing the theoretical position.

Despite all of the inadequacies and shortcomings enumerated, the very existence of the dis-
crepancies between theory and observation provides a means of improving the approximate values
of the constants of the motion. One procedure for improving these constants in an analytic theory
of motion involves expressing the incremental changes in the positional coordinates due to changes
in the constants of the motion as coefficients having the form of partial derivatives in a Taylor's
series expansion. In such a case, the partial derivatives must be determined as explicit functions



of variables which arise in the analytic theory of motion. This method of orbit improvement
is known as differential correction.

The purpose of this paper is to provide such an orbit improvement method for the spheroidal
theory of artificial satellite motion. The spheroidal method for satellite orbits, developed by Vinti
(References 1 through 5), supplies a procedure for calculating an accurate reference orbit of any
drag-free satellite moving in the gravitational field of an axially symmetrical oblate planet. In
the case of artificial satellites of the earth, the intermediary reference orbit reproduces exactly
the zeroth and second zonal harmonic coefficients in the series expansion of the geopotential func-
tion, and also accounts for more than half of the fourth zonal harmonic. Recently, Vinti (Refer-
ences 6 and 7) has modified the spheroidal potential to allow exact inclusion of the effects of the
third zonal harmonic as well, heretofore the major neglected effect in the spheroidal orbital theory.
(The first zonal harmonic is eliminated entirely, of course, by proper choice of coordinate origin.)
Accounting for the third zonal harmonic directly in the intermediary orbit in this manner affords a
more accurate treatment (Reference 8) than would be possible through perturbation theory. This
paper will present a differential method of orbit improvement based upon the modified spheroidal
theory that includes the effects of the third zonal harmonic term.

FUNDAMENTAL EQUATIONS FOR DIFFERENTIAL CORRECTION

Consider a system of constants of the motion q, (i =1, 2, ..., n) which are utilized in a math-
ematical theory of motion to predict orbital positions of a satellite, In this context, such constants
of the motion are generally referred to as orbital elements, and the number n contained in the
system is often 6. Denote a positional coordinate of the satellite at time t by R(t), using sub-
scripts "o and "c" to distinguish between observed values and values computed by the analytical
theory using the orbital elements. We assume that the differences of the coordinates, R (t) - R (t),
as well as the required corrections to the elements in the improvement of the orbit, are sufficiently
small so that their squares and higher powers may be neglected. We can then express the obser-
vational residuals by a truncated Taylor's series expansion restricted to first powers in the general

form

2 dR_ (t)

R, () - R (t) = ) —gg— ba .

i=1

Here the computed value R_(t) is viewed as a function of n independent variables, q(i = 1,2,--- ,n),
which are to be improved by the additive increments Aq, (i =1,2, ---,n). The coefficients in the
Taylor's expansion expressing the increment of the coordinates caused by a change in the orbital
elements have the form of partial derivatives, and these must be determined analytically from the
equations in the mathematical theory of motion., Each separately observed coordinate yields an
equation for corrections of the elements of the form given earlier. Ordinarily, the available number
of such so-called equations of condition far exceeds the number n of unknowns Aq,. This set of
linear simultaneous equations forms an inconsistent system (because of inherent random, and
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possibly systematic, errors in the observations) for which no exact solution exists. It may be
solved by the method of least squares, yielding "preferred" values for the unknowns. The solution
of the equations by the principle of least squares follows well-known schemes (Reference 9), so
that the problem reduces to evaluating the derivatives of the coordinates with respect to the
elements (the so-called differential coefficients).

We now introduce certain conventions in order to allow discussion of the problem in more
explicit terms. Assume that the satellite's positional data are recorded at the tracking stations in
the form of direction cosines observed with respect to a topocentric (i.e., situated at the earth's
surface) coordinate system. The topocentric or "local' coordinates will be distinguished by the
subscript, "M". The system is orthogonal and right-handed, with the X, - Y, plane tangent to the
earth's surface, The X, -axis extends in an easterly direction along the line of latitude; the Y, -axis
extends in a northerly direction along the line of longitude, and the z,-axis is normal to the surface
and points toward the geodetic zenith. If L and M, denote the observed direction cosines of a
satellite (in the X, - and Y,~directions, respectively) for a given time of observation, then the
corresponding computed values of the direction cosines are given in terms of the local coordinates
by

Xu Yy

L. = (XME + YM2 + ZM2) 1/2 and Mc = (XMZ + YM27+ ZM2) 172

The computed value of the third direction cosine, N_ (in the Zz,-direction), is not an independent
parameter, but is predetermined by L_ and M_ through the relationship
Nc = (I_LCZ_MCZ)I/Z .

For this reason, each satellite observation provides two, and only two, independent coordinate
values, which here are chosentobe L_ andM_.

The mathematical theory of motion will ordinarily predict a satellite's position with respect
to a rectangular geocentric system (X, Y, Z) of coordinates, the so-called inertial frame of refer-
ence. In this system, the X - Y plane is the earth's equatorial plane, and the origin is situated at
the earth's center of mass. The X-axis extends toward the vernal equinox (the first point of Aries);
the Y-axis is orthogonally to the east to form a right-handed system, and the z-axis coincides with
the earth's polar axis. In order to obtain a satellite's local coordinates from its inertial coordi-
nates, the inertial coordinates of the observation point at the time of observation, which we shall
denote (X,, Y., Z;), must be known and two rotations performed to bring the local and inertial
systems into parallel alignment. Let us denote by y_ the angle between the vernal equinox and the
X,-2xis as measured in the observation latitude plane. Then ¢  will depend upon the longitude of
the tracking station and the hour angle of the vernal equinox at the time of observation. If 6, repre-
sents the latitude of the tracking station, then the local coordinates of the satellite at observation
time are given by the matrix equation



X 1 0 0 cos Y siny, 0 X ) .
1Y = 0 sin & cos O,| | — siny, cos 0 Y| ~ Y,

Z 0 - cos G, sin 0 0 0 1 Z Z.

The difference of column matrices on the extreme right represents a translation from the earth's
center to the tracking station position; the center matrix on the right represents a rotation in the
latitude plane about the polar axis through an angle y_ to bring the inertial X -axis into coincidence
with the station's X, -axis; the remaining matrix on the right represents a rotation in the longitude
plane about the X, -axis through an angle equal to the complement of ¢, to bring the inertial Z-axis
into coincidence with the station's z, -axis. This matrix equation, when expanded, reads

Xy = (X-X;)cosy, + (Y-Y;)sing, ,
= - (X—XT) siny_sindp + (Y-YT)COS\/IX sinfy + (Z—ZT)COSSD ,
and

Z, = (X—XT) siny, cos O - (Y"YT)COSKIJX cos O + (Z—ZT) sin 8y .

We can now write the first-order Taylor's series expansion for the equations of condition
corresponding to each time of observation in the following more explicit form:

ZG oL,
Lo - LC = aql Aq‘l N

i=1

and

Since the local coordinates are functions of the inertial coordinates, which are in turn functions
of the orbital elements, then the chain rule may be used to expand the differential coefficients, Thus

JL, dL_ 9X, dL_ Y, dL_ oz,

da, ~ 9%, dq;, ' Y, 9a, ' 9Z, dq,
and

oM, oM, 9Xy oM. 3Y, M, 9Z,

3a, ~ 09X, da, ' dY, oq, ' 9Z, oa;



The partial derivatives of the direction cosines with respect to the local coordinates are found
directly from the expressions for L_andM_. Thus

aL, 1 X,2
aX, Ry ~ ﬁ;& !
oL, X, Y,
Y, R} ,
) Xy Zy
32" - - RM3 !
oM_ X, Yy oL
Xy T R} ay, '
aMc 1 YM2
Y, = R, T g3’
M
and
oM, Y, Z,
aZM = - RM3 !
where
Ry = (X7 0w ez2)Ve

Since the coordinates X, Y., and Z; and the angles ¢, and ¢, are independent of the orbital ele-
ments (and merely geodesic functions), we have the matrix equation

v ) 7
Xy !_ T [ . X
Ja, 1 0 ‘ 0 cos siny, 0 3q,
oYy aY
3a, = o sin O cos O] [~ siny, cosy, 0 aq,
0Z, 8 " dZ
da, i) cos &, sin 5 0 0 L aqL
Equivalently,
9Xy aX Y
aq, cos aa, + siny 3_% s



Y aX ) 9Z
= - siny_ sin 91’7;1_1- + cosy, sinf a—ql + cos G a—dj ’

aq,

and
92, aX Y 9z
3a, = siny, cos HDE - cosy, cos O 3q, + sin@na—qi .

The problem remains to evaluate the differential coefficients 9X/9q,, 9Y/9q;, and 4Z/9q, (i = 1, 2,
-+ ., 6), which are the derivatives of the inertial coordinates with respect to the orbital elements,
At this point, the mathematical theory of motion becomes of primary importance.

METHOD USED TO EVALUATE DIFFERENTIAL COEFFICIENTS

The constants of the motion q, (i = 1, 2, ..., 6), which we choose for the mean orbital
elements for the modified spheroidal theory of satellite motion (including the exact effects of the
third zonal harmonic coefficient of the oblate planet's gravitational field) are the following:

q, = a, the semimajor axis;
q, = e, the eccentricity;

q, = S, corresponding to sin? I in Keplerian motion, where I is the inclination of the orbital
plane to the equator. (However, S may be negative for orbits sufficiently close to equatorial. For
a polar orbit, S is unity, and in all cases, S < 1.);

q, = B,, corresponding to the negative of the time of passage through pericenter in Keplerian

motion;
qs = B,, corresponding to the argument of pericenter in Keplerian motion; and

qs = B, corresponding to the right ascension of the ascending node in Keplerian motion.

These elements differ slightly from those selected by Vinti in the final algorithm for the reference
orbit (Reference 7, Section 12), but the foregoing parameters seem more suitable for the differen-

tial correction.

The relationship between rectangular inertial coordinates and oblate spheroidal coordinates
Ps My and ¢, which are involved in the solution of the problem of satellite motion, is given by

X = "/(p2+cz)(1—'r)2) cos ¢ ,



1

z m= 8, (-15721) .
Here c and § are adjustable parameters that are chosen to agree with the coeificients of the zonal
harmonics in the series expansion of the earth's potential function. In terms of the earth's equa-
torial radius r_ and the n*™ zonal harmonic coefficient J,, the proper choices are

1 _ 1 _
c? = re2J2(1_ZJ32J2_3) and 8 = —TreJ2IJS .

For the earth, the values are ¢ ¥ 210 km and & = 7 km.

In order to evaluate the derivatives of the inertial coordinates with respect to the orbital
elements, we must know dp/0q;, 91/dq,, and d¢/dq, (i =1, 2, - - -, 6). The oblate spheroidal co-
ordinates are rather involved functions of the orbital elements. The process for determining the
partial derivatives of p, 7, and ¢ is a lengthy one which will be presented in a synthetic, rather
than analytic, manner. That is, necessary partial derivatives of the simpler functions of the orbital
elements will be given first, followed by partial derivatives of more complicated functions of the
elements involving the predetermined partial derivatives.

It is worth noting in passing that the equations to be presented herein apply to orbits of all
inclinations, including equatorial. There are no special simplifications introduced in the case of
equatorial or near-equatorial inclinations, as there were for the spheroidal theory that did not
include the effects of the third zonal harmonic (Reference 5).

However, as in the earlier spheroidal theory, the differential correction may include derivatives
of the periodic terms taken through the second order, or, alternatively, it may be simplified to
omit periodic terms higher than first order. In either case, some second-order effects are in-
cluded with the first-order terms and even with the zeroth-order terms. The terms of second and
higher orders that are to be omitted in the simplified version will be indicated as such.

TIME-INDEPENDENT PARTIAL DERIVATIVES IN THE DIFFERENTIAL CORRECTION

We begin with Equation 23.3,* which reads
p = a(l -ez) .

*Until otherwise indicated, all equation numbers used in specifying the defining relation for a given variable refer to Reference 7.



Thus,

%1:;= 1-e?,

g—§= - 2ae ,
and

® ..

Since b, = -A/2, by line 8 of Section 12, Reference 7, then by Equation 40.1 we find

ac? (ap~c28) (1-8)-4a2c?82p 15(1-8) [1+c? (ap)™? (35~ 2)]
P17 (ap-c?) (ap-c?S)+4a2c2S+4c?52p 2 S(1-S) (3ap- 4a - c?)

If we denote the numerator and denominator of b, by N and D respectively, then we have

)

9 ] 2
- = —cz(l—S)D'l{c2S—a(2p+aa—§)+4825[§ (2- 28)+(5) (-2 (1-2

ol

- ND'Z{(2ap—c2-c2S)(p+a g—g) + 8ac?8§

2 2

2
+4(g) 82S(1—S)[3p-83+<8% 25 -3a> %J} ;

91 N ap §\2 c? _, 9p
Er a2c2D1(1—S);,;{1+4(5) S[1+25(3S—2) - ND72 32 a(2ap-c2—c2S)

C 2 82 C2
— 2 - — - -
+4(p) 52S(1-S) (8 5 t2 5 3a> ,

and

b 2
—(‘9§1 = —aczD'l[ap+(1-2S) (4%52+c2)-4(§> 82(982—1os+2)]

2
~ ND"2 |:c2 (4a2—ap+cz)+4(§) §2 (1-285) (Sap—4a2~c2):|

Since b, = B, by line 8 of Section 12, Reference 7, then by Equation 40.2 we find



b2 = cz—bla"l (ap—cz) .

Thus
aa_‘? = 3 (ab,)? [(ap‘°2)<b1 a’t- aa—bal) } b‘(p+ag%)] ,
and
aa_bsz = -% (ab,)"! (ap-c?) Z_bsl )

This last sequence of three equations can be written as a single generalized equation if we intro-
duce the following notation. Letq, = a, q, = e, and q, = S, and let 5,; be the Kronecker delta,
defined as follows: 5, = 1 when i = j,and §,; = 0 whenever i 7 j. Then, for i = 1, 2,3,

ij
ob
(abz)_l [(ap_c2) (bl a’ls; - a—qt) - b, <p 8 ;ta aaci)]

This notation will be used extensively in order to write later sequences of equations in an efficient

CY

0

s

Nf =

manner.

Combining Equations 35.1 and 35.2 with equations already mentioned gives

po = (a+b,) ' (bj +tap+4ab,-c?) .
Thus
%o oot [an, 2 ® o o,
da (a+b1) 2b, 3 *tp*t4b, ta\d 55 + 35 ) " Po\1* 37 /|’
E ab, b, 4p b,
Fe (a+b1)_l[2b2—ae +a\4 5o +a:>-po Fe |
and
P, ab, abl]
3s - (atb)! [21’2 35 *(4a-po) 35



This may be written in the generalized form, for i

P,

éq, (at+b,

From Equation 21,2,

Thus, for i = 1, 2, 3,

For convenience in later equations, we now differentiate the inverse of a

to find, for i = 1, 2, 3,

d

dq; (2 Po)”?

. ab,
)71 |25, 3,

+ (4b1 +p) 81;

=1,2,

3,

b, d
1 ,09P) _
+a(4 an + aql) pO <Sli.

a2 - ':u'po .
da, o ap,
dq; = 2a, dq;

- pgl(atb,)? [(a +b1)“1 <8“

+a‘qi

From Equations 31.1 and 31.2, neglecting terms of fourth order,

g

Now, for i = 1, 2 only,

10

c?

8y Pg

= 1+

(gg)z (1-5) (1 -

(1-8) +

I

2

a5 Py

+

(1-

2
e S)
o Po
, .
25)}

+

o Po

db, o P,
tpg dq, | °

ab,
5a, )]

= (a+b1)Po




However,

3 - 25\ 2 2 2 9P,
= - u? {cz [(I—S)a—s' (aopo)'1 —(aopo) 1]—(1)—0) {[1— a:po S] [1+ ;;(I—S) 'ﬁ‘jl

d c? "
+c2(1-5) (8 75 (agpo)™" * (2 po)™) [1 " 3P, (1_25)]

252 2 2 - 3 _ -
-2c2(p—o) (1-8) (1— aocpo s) [1+ a:Po (1—25)] [(1-25)3—5 (aopo) ™! = 2(aq Po) 1]}

By Equation 32.1,

C, = ,p, U
Thus, for i = 1, 2, 3,
Z_zj - czl,a_aqi (apPo)~? +50°—;o :c‘l‘i .
Combining Equations 32.1 and 32.2 gives
L7 a (o) (1me sy

3 ap _ 0C2
39, P, (1-c, s)™! {(1‘%)(3_; - Eu; aq?)_u(l_cz s) l[:(l_s)a—qi ~ 8 (l_cz)cz]} )

Combining Equations 32.1 and 32.3 gives

8 -
P = pou(1-8) (1-¢,8)7 .

Thus, for i = 1, 2, 3,

aC, 9Po du 8
- = - —)-p 1l — -1 - - -1
i - P[(l_c2 s)? (553i C,+S 3qi) po ' g, tu Tl 3q, | T %a (1-C,8) o -

11



Equation 21.1 may be rewritten as

Thus, for i = 1, 2, 3,
da,
aq;

-

ab,
= 7/“(3'”)1)—2 (Su + 6qi) )

For convenience in later equations, we now evaluate, for i

Jdb

b db
d 1 1 2
—_ | = = -1 — = _ -2 y
dq; <b2> b, dq; b, b, da,

and

Equation 5.31* gives
b

A, = (1-e2)V2p i(%)npn<b_:>Rn—2 [(1“‘32)1/2] '

n=2

Here, and in the following, P_ (x) is the Legendre polynomial with argument x of degree n. The
definition of R is given by Equation 5.28, viz., R (x) = x"P, (1/x), where 0 <x <1, We shall de-
note by P’ (x) the derivative of the Legendre polynomial with respect to the argument. Then, for

i=1,2 3,
aAl F) b «© b n—-1 b
- - P _ aJ 2 2 1
3, - AP lgq " SuAe(l-e?) e p(l-e?)i2 {aqi (3) E n(?> PH<E>RH_2 [(1—e2)l/2]
n=2

- i (n-2) (%)n [(1-e2)v2]p, (—b—:> P, [(1—e2)‘1/2]}-

n=3

*Until otherwise indicated, equation numbers used for the defining relations will refer now to Reference 3.

12



By Equation 5.36,

so that, for i = 1, 2, 3,

9A 2 _ 7] bz . bz nt b,
B ety oo () 5 ) ) -

> b " n—1 bl _
- Z "(F) [(1_ e2)1/2] P, (b—z)Pn [(1_ e?) 1/2]}
n=1
By Equations 5.61, 5.50, and 5.53,
A, = (1-e?)v2p3 Z DR, [(1'_e2)1/2] ‘
n=0
where D_ is computed as follows:
J ) 2i-2m (b, \*" b,
Dn = D2] = (_l)l_m (E) (F) P2m (bZ)
m=0
(n an even integer), and
i _ 2j-2m (b, 2m+1 b,
D, = Dyy (G DR (E) (3) Pomt1 <T2>
m=0

(n an odd integer).

13



Then, for i=1, 2, 3,

i

x aD
an = - A [31:’-1 ;ci’ +82ie(1—e2)_1] + (1-e2)/2p3 2 Roe2 [(1_e2)1/2] aq:
n=1

where JD, /aqi is computed as follows. If n is an even integer, then

aD, oD,; P i 2¢i-my-1 [ b\ 2™ b

= - -2 9P j~m gz _ c -2 1

7a, ~ 9a, - 277 3q CHTEmm) (p) p/ Fam\b,
m=0

+ 2
m=0
o (b ! e\t [by m b,
v ) Y oG 5
dq; \b, P P 2m \b,
m=0
If nis an odd integer, then
D, D544 p : . c\2G-m-1 [ by\ 2" b,
o © et = etgg 2 G () (F) Paals,
m=0

a (P2 < _ c\2G-m) (b,\ 2" b,
v () e (7(R) raalg)

m=0
o (P1) 50 i SR b\ (B
+ dq; \b, Z(_l) (p P Pon+1 b, :

m=0

By Equation 5.37,

14



Thus, for i =1, 2, 3,

a:;: = - A, {p'l aaq’; +3,, [e(l -e2)-1 _e—l]} + (1 - e2)2p2 e["b1 p! aa—cl:i " %

- 2p72 (3b2 - b?) aa*ci +2p! (3b1 ;Z—z -b, Z—Ef)

+§b21:)_2 (1+%e2)<3blbzp;l§% - b, Z—Z: —2b, g%f)

“ores (a0 0) (Gt 0,571 2) < § 5 w7 el )]
By Equation 5.38,
A, = % (1-e2)1/2p-3e2 [(3b12—b22) - 9b,b2p ! + %b;p'z (5+e2)] .

Thus, for i = 1, 2, 3,
33:;: = - A, [p“;‘%pi +8,, e(1—e2)'1] +% “3e? (1-e2)172 {[- p~! (3b.2-b2) +-22-7 p2b, b2

3
+ % 5, p3 e(1 _e2)1/2 [3b12—b22 -9p71b, b22 + 7p'2 b (3+ez)]

By Equation 5.62,

ez) - p2 (_;_ b2 +c2) (4+ 3e2):l .

B w

A, = (1-e?)V2pT3 e[2+b1 p! (3+

15



Thus, for i = 1, 2, 3,

dA;,

b

~ b, p! (4+3e2)

- 5,,p° [(1 ~e2) V2 e2 - (1_62)1/2] [2 +b, p? (3 + 3

7 e2) -p2 (‘;‘ b2+ c2) (4 +3e2)] .

By the corrected version of Equation 5.63,
A =

Thus, for i = 1, 2, 3,

dA,,

- -1 9P _a2\-1
daq; - Ay ,::”IJIaqi +82ie(1 e)

_ 1 3 _ . (1 3 1
52 (1—62)‘/’P3e’[z+zblp“Pz(ibz“cz)(i*E

dq,  ~ 3A,p7! aaci + (1-e2)¥2 9_49{['b1 P! (3+%32)

e e e oo (3 oz e)(ss o)

+ 8y (1_92)

By the corrected version of Equation 5.64,

Thus, for i = 1, 2, 3,
dA

33 _, dp 1 _ 1 _ dp
30, - " 3A,pTlgg 3 (1-e?)V%p ‘e3{{2p 2(302+e?) - 7 ’bJ
196, db g
" 3%q, ~P bzaqi 3

16

-

1oty (344 et) 52
2P b3t 32 €% 3q,

1/2 53 e[% (1+3b,p7t)-p2 (% b2 +c2) (3+e2)] .

1 _ 1 4 (1
33 3(1_62)1/213483[3 b, -p 1(5b22+°2):| ’

2 3 - 1
gq, "o [5 b, e-6p”! e<§ b +c2)]}

)

bo, ot (3 o7+ )]



By Equation 5,65,

1 -
A, = _ﬁ(l-e2)1/2e4p 5(-2—b22+c2)
Thus, for i = 1, 2, 3,
'9A34 op 1 abz
= - - - == —e2\/2 55 o4
dq, 5Ag P! daq, ~ 32 (1-e?)V2p 5 e*b, aq;

+ % 8,i e3pS [% (1—e2)—1/2 e2 ~ (l_ez)l/z] (_é_bzz +C2)

By Equation 47,* Q = '/Pz +8 . Thus, for i = 1, 2, 3,

From Equation 102.1, { = P(1-S)"! , so that, for i = 1, 2, 3,

;qi = (1—5)"1[{% + 8, P(l—S)'l} .
From Equations 147.1 and 147.2,
h, = % (1+¢c,-C,)""2 and h, = % (1-c,-c,) V2.
Thus, for i = 1, 2, 3,
oh, aC, aC,
9q, -~ ~ 2h13<3_q—i - aqi> ’
and
oh, aC, 9C,
ga, - M (5? ' W) '
From Equations 100.1 and 100.2, e, = Q(1-P)! and e, = Q1+P)! .

*Until otherwise indicated, equation numbers will now refer to Refereace 7.
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Thus, for i = 1, 2, 3,

de
P
2 - (1- P)l(ao +ezaaTi>’

and
g€, D) P
dq; (1+P) 1(‘9—‘11 "% aqi) '
From Equation 131.2, e’ = ae(a+b,)”! , so that, for i = 1, 2, 3,
' db
g: = (a +b ) [311 e+d,, a-e' (81‘ + aql>:|
From Equation 149.1, a, = (sgna,)a, (1-Su™1)¥2 , where sgna, = a3/|a3| is +1 for a direct

orbit and -1 for a retrograde orbit. Then, for i = 1, 2, 3,

da
3 _ 2 1 _ v _; du
3q, = sgna, |:(1—Su 1)1/2 4. + 3 a,u 1 (l—Su 1) 172 <Su 1 3q, _83i>:|

1

By Equation 76, neglecting terms of fourth order,

3 3 3
B' = Q2+P2——CPQ +3 C,P2Q? + g7 (4C, +3C2?) Q*

45 15 175
- 33 C; C,PQ* + 555 (202 +5C2C,) Q% + 745 C; Q°

Thus, for i = 1, 2, 3,

C
3 45 F) P 3 aC, oP
75, = o[1+ 15 02 (4c, + 3c?) + 18 G (20, +5¢7)] 95 * P 5q ~ 7 Q<PQ 7q;, *€1Q73q;

1

ac aC
3Q\ 3 9C, aQ 3 . 2 1
+2C1P—aqi)+7PQ<PQaq 2CQ—aq +2,Pgg | 329 (255, + % 3q

45 ac, aC, P dQ
—ﬁQ<CPQaq +CPQaq +CCQaq +4-CCPaq

aC aC, aC
15 2 175 2 QY
+ 356 Q° {(4C2 +5C2) Ja, * 10C, C, 3q. :' + 5048 C2 Q7 <3Q 3q, +8C, EC

18



B,

By Equation 65, neglecting terms of fifth order,
B 1 3 1 1 9 9
= 1-3c,Pp+(gciegc)(pr o) rgzeret - g

15 a5 25 105
3 CAPQ? + 195 C2C,Q* + 556 CQ° + 1534 C,* Q*

9 225 525 5
+g C2P?Q? - 138 C, G/ PQ* + qg35 C,7C,7Q° + (T) cQ

Thus, for i = 1, 2, 3,

1 9C oP 3 1 aP aQ 1 3 ¢, 196G,
= - PR—— —_— = 2 = = — 2 = 2 -
2(1:'¢9qi+claqi +(8C1+2C2)2Paqi +Qaqi +(P+2Q)?C1 aqu'Zaqi

1 75 5 aC, 9Q 9 aC,
+ﬁCzQa[9+ Fooe3 () Cz”é‘](féa—qi +2C2?9_q—i)_§Q(C2PQ?Ti

dC oC
2 P a0Q 15 1 JP dQ
+CPQaq +CCQW+2CCPaq) ?§C12Q<3PQ¢9_qi‘LClQa_qurzclpaqi

45 9C, 9C, 9Q 105 9C, aQ 9 9C,
* 128 C103<2C Q3q, *C:1Q7q, *40:C,3q, ) * 256 € @ \Q 3g; *C13q; ) * 7 C.PO\P g,

aC aC
P aQ 225 1 2
*C,Q35q; J'CPaq>'128C2Q3(Czp‘?§fi”2C;PQaqi

aC aC
JaP aQ 525 1 2 3Q
+ €, G0 5q; +4CCPaq) 512CCQ(CQ6q *C, 0 gq; *¥41C; aq;

By the corrected version of Equation 95, neglecting terms of fifth order,

35 15

= 1 g )( l 2 _é 2Pp2
= _7C2_§C12—(128C + 36 G C, * g CF 1*20) g C/P

Eerere Sen)(ijorde) - e b do o)

19



ol de ) - (edelieGere) i 3 (Ferie) i

- [% C14+i_gclzch'ngz_%ClszP+%C24(1+%Q2+%Q‘)]Q%-%C2P<P%+Czaa—i>

Bolrierdo)iaa e Gere) i) Se s 3o [l 5

+%C1 (4 C; +3C2) aaci + 4P[(% C1 +C2) 321 +C1 Z_S:]
By Equation 116.3,
By, ~ '%Qz'%C2Q4 ,
so that, for i = 1, 2, 3, )
T L lolive, @) 2 - Lot g

By the corrected version of Equations 116.4,

_ R 9 1
n - "R+ CCQe F3CQ,

and

By T - 3_12 [(4(:2 +3C72) Q7 + 3¢} Q4]

Thus, for i = 1, 2, 3,

aC aC
1 9 1 9 2 27 1 )a_Q _ P
= 7Q(1+§CZQ’>5q—i +Q(EC102—P)0—qi + (16 C;C,Q%-C,P+3C ) 5q, =~ CQ3q;

20



and

9By, 1
dq;

By Equations 122.1 and 122.2,

9Q 9C,

16 Q[(‘“:z+3C12‘LﬁC'zzQZ)?q—i + Q(2+3C2Q2) dq, +3C,Q 3q;

2y, (-20.1)‘/2 (a+b, +A, +c?A, B/ B{‘)'1 ,
and
2mv, = a,u ¥2A,BS!(a+tb, +A +c?A,B/’ B, 1)1 .
Thus, for i = 1, 2, 3,
9 2 1\-1 b,
aq; (277V1) = 2wy (a+b1 A, tc® A, BB, ) 8yp * da;
JA oA JB,’ B
+ 3=t +¢2B (B, 5o2 +A, 5o~ -A, BB ! 5
dq;, "¢ "2 1 9q; 2 9q, 251 P2 aq;
and
5 o sb, oA [ oA,
—_ - 2 i -— _ I = — '
gq, (2vy) = - 2w, {(a+b, +A +c? A, BB, )7 |85 * g, *aa, B \BY aq,
9B, dB, da, A, Ju
— ' -1 - -1 = -1 __= _ = 1
tA, da; A,B,'B, aq; ):l (az dq; + A, dq, 2" dq

-1

9B,
aq;

s

The following time-independent partial derivatives are used only when the differential cor-
rection includes periodic terms through the second order.

By Equations 5.32, 5.33, 5.39, and 5.40 of Reference 3,

A

11

12

23

3
3

(1 _ e2)l/2 p3 b22 e(b22 - 2b1 p) ,

312 (1 ._82)1/2p-3 b24 e? R

1
8

(1 _ez)l/z p~4 b22 el (b22 p—l _bl) ,

21



and

= %6— (l_ez)l/zp-s bjiet .

A
Thus, for i = 1, 2, 3,
dAy, d
— - P - -
dq, -~ " Au {3p ' 3q; * [e(l'ez) 1-e l]}
3 _ op db, ab,
-2 (1 -e2\1/2 ! _ ,
2 (1 € ) p 3b2e[b1b2 dq; +bzPaq +2(b1P bz)aql
9Ayy 3 b, 3 a
= 3 (- - 272 3 4, 9P}, 3 - 1 -
3a, = 3 (1 62)1/2p 3b23 e2(0qi 7P 1b2 aqi> * 16 521 p 3eb24 [(l_ez)l/z_ 5 (l_ez) 1/2 ez] ,
9Ay3 d
- 190 1 - - -1y 9P
da, Ay P! dq, ' 8 (1-e?)¥2p7*b, e® [bzp 1(3b, -4p,2p71) dq;
ab, . ab,
- b, gq, *2(2/ 7 by 5g;
1
+ 58, p4b2e?(b2pl-b,) [3(1 ~e2)V2 - (1-e2)-V2 ez] ,
and
Ay, ab,
- - _{ 9p 3
24 12 9p = - -
dq, Az (4b2 Jq, -5p! aqi) t 256 84 P O bt ed [4(1_92)1/2” (l"ez) vz ez] .

By the corrected versions of Equations 116.3 and 116.4 of Reference 7,

3
B, = -2 +35CQ,
_ 1
By = -24CQ ,
- 1 4
By = & CQ
- L 3
By; = 166G CQ

22



and

_ 3
B,, = 756 C;/Q*

Thus, for i = 1, 2, 3,

9By, 9 J0Q aP 3 oC,

" = = 2 _ —_* . = 3 __- ,

dq; (8 Cl Q 2P) aq; Q aq, tg Q aq;

0B, 1 aC, JQ

= - o02lo=2 o),

aq, 24 Q°\Q 3q, *3 3q,

B, , 1 aC, aQ

g, - 64 \Q3q, *4C 5, )"

3B23 1 ¢9Cl 0C2 90

7q, - " 16 € \GQ35g, *CQ5q, t X, G, 5q, )
and

9B,, 3 aC, aQ

Jq, - 18 %P\Qaq, * % 9q

TIME-VARYING PARTIAL DERIVATIVES IN THE DIFFERENTIAL CORRECTION

We shall continue the use of the generalized notation introduced in the preceding section,

whereby we let q,(i = 1, 2, 3) refer to the orbital elements a, e, and S, respectively. The

time-dependent parameters will involve, additionally, the orbital elements 8,, 5,, and 3;, which we

shall represent as 3, (i = 1, 2, 3) in the generalized form of the partial derivatives.

By combining Equations 121.1* and 123.1,

M, = 2m, (t +8, -c2B,0, ' B/ Bz'l) .
Thus, for i = 1, 2, 3,
oM, 9
Ja, (t+B,-c28, a, !B, B, 1) dq, (2m,)

2 -1g-t a__Bll I 1 B
= 2y ¢t By e, By 3q, “Bi %2 3q, "B/'B; 3q,) -

*All equation numbers used in specifying the defining relationship for a given variable will henceforth refer to Reference 7.
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Also,

@
™)
N
i
1
3
-
a
N
3
N
|
-
o]
Hs
o]
Ny
-

and

IM,
m; = 0.

In what follows, whenever a partial derivative with respect to B, is zero, it will not be given.

By combining Equations 121.2 and 123,2,

¥, = 2m, [t+51 tBya tA  (ath, +A1)]
Thus, for i = 1, 2, 3,
o¥, i a1 3
Ja, - [t +B, 1By a, " A, (a+b1+A1)] dq, (27v,)
» ab, 94, L 9% L 95,
+ v, Bya, A, 51i+79—(i +E—(a+b1+A1) % dq; +A, daq; ’
Also,
oY,
5‘51“ 2, ,
and
¥, . ,
a8, = 2mw,a, A, (a+b1+A1)

By Equation 131.1, letting & = M_ +E, gives

€-¢e'sinf = M

24



Thus, for i = 1, 2, 3,

08 ae' aMs
= —p! -1 H fdihisE .
- (1-e' cos &) <51n8 aa, + 3a,

1]

[y
-

Do
-

Also, for i

€ M,
aaTi = (l1-e'cos&)! B,

By the anomaly connections given in Equations 132, taken to zeroth order,
cosv' = (cos€-e)(l-ecos &)1,
and

sinv’ = (l—ez)l/z(l—ecosg)'lsing,

where

Then, for i = 1, 2, 3,

avO 1S aMs
7q. [(l—ez) sin€ 7q. T8 sin? €] (sinv') ! (1 -ecos &)72 - aq.
Also, for i = 1, 2,
ov oM
Wf = (l‘ez) sin € (sinv’)7! (l—ecose)_z(f—;i—gg? -

By Equation 133,
lpo = a, (_Zal)—l/Z u~ V2 A2 B2—1 v, -

Thus, for i = 1, 2, 3,

V2 1725 -1 ._80‘2 1 -1 _60.1 1 1 _ou
(_2‘11) u B, "\A; v dq, ~ 2 %2 % A; v dq; ~ 2 %24 Ay ve da,
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Also, for i =1, 2,

_a‘l‘o 172 ,-1/2 1 9,
aB; ~ %2 (_2‘11) u A, B, aB; '
By Equation 136.2,
M, = - (at+b,)! I:(A1 +c2A, B/ By 1) vy tcla? (-2al) Y24Y2B,, sin 2(‘1’s +‘!’0)] .
Thus, for i =1, 2, 3,
M, . db, , o dA, 3A,
= — - ' - —_— _— 2 -1 1
dq, (a+b1) My \8y * dq; + (Al +c®A,B,'B, ) dq tvg dq, tc®B, " \B, aq,
dB/’ B JB
1 ip-1__2 - . 12 1 _ du
tA, dq; A,B,'B;! aq; )jl tetayt (_Zal)l/zul/z sin 2(‘Ps + ‘I’o) < 9q; tzu B, 9q,

L 9%y -1 9%, 2, -1 1/2 ,1/2 AT IAL)
+ 3 ay "By, a—ql —a, " By, K +2*a, (—20.1) u’<B,;, cos 2(‘{'s +‘llo) a—ql + a—ql .

Also, for i = 1, 2,
av

v oY
Ex: Al (a +b1)"1 [(Al "'c""A2 B/ Bz_l) 5/3—? +2020L2'l (—20.1) 1/2u1/2B12 cos 2(‘1’s +‘Po)(ﬁ§ + M%)] .
i i i i

By Equation 137, neglecting terms of third order,

1
E, = (1-e'cos€)"!M, ~3e' (1-e'cos€) 3M?2sin€
Thus, for i =1, 2, 3,
JE oM EYS Je' 1 de’
aq; = (l—e’cosg)'la—q;— M, (1-e’cos€)? é’sinsa—qi —c058gai‘ -M;(1-e'cos €) 3sin € fMIK

3 _ .. g de’ 1 98 oM
‘2_M1e'(1—e'c058) 1 <e s1n€a—qi—-coseﬁi‘> +5Mle’c°t8¢-9?; + e'aT:

Also, fori =1, 2,

1

: (l—e'cose)'lgﬁ—i

aB.

i

oE ) M
= [I—Mle'(l—e’cosg)'zsin&']

€ 1 3
- M,e’(l-e'cos 8)"2’K [sin €+ M (1-e'cos€) lcos€-7 M e (1-e’ cose)_zsinZE']
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By the anomaly connections, taken to first order,

cosv’ = [cos (€+E,)~¢] [L-ecos (E+E,)]" |
and
sinv’ = (1-e?)¥2 [l-ecos (€+E1)]-lsin €+E,) .
where
Vi oE v o E vt o (M )

Then, for i = 1, 2, 3,

JE
c?q.1 = |:(1-e2) sin (€+E1) <§a&% + 0q.1>

1

2 _9v*

+ 8,, sin? (8+E1):| (sin v")71 [1 - ecos (8+E1)]_ daq,

1

. JE ‘
3B, = (1—e2) sin (8+El) (sinv")71 [l—ecos (€+E1)] 2 (—6%8— + Tl) —g—zgj

i

In the foregoing and in the following, we employ the symbolic notation

av'’ aMs av0

dq, - 9q, T 9q, ’
and

av’ M, dvy

3B, = 9B, * 3B,

1

By the corrected version of Equation 139,

¥y, = -Bj! [B” sin 2(¥_+¥,) +B,, cos (¥, +wo)]

+a, (-20,) V2w V2B (A v, +A,, sinv’ +A,, sin2v')
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Thus, for i = 1, 2, 3,

o | 0B, 3B,,
7q, = B;?[By,sin2(y, +y) +B, cos (¥, +¥,)] 3q. - B, ' {sin2(¥, +¥,) 55,
3B,, v, oy,
*cos (¥, +7,) Jg— * [2B,;cos2(2, +¥,) -B,, sin (¥, +¥,)] (3q; * 7q,

da

da 9B i
_ - -1/2 - 2 _ 1 -y —1 -1 9u -1 —2
+ ( 2(11) 1/21.1 2B2 1 [aq 2 0.2 <a1 1 aql + u 1 aq! + 2B2 1 aql (A2 V1

9A, v, JdA

5 + A, 5 +si —_
. 2 9q, sinv

dq;

f ot . ’ oy \m 12 -1/21 -1
+A2151nv +A22sxn2v)+a2( 2a1) u B2 [v

¢9qi aq.

1

JA '
22 adv
+ sin 2v’ +(Azlcosv’+2Ancos 2v') ]

‘Also, fori =1, 2,

B ' ¥, a¥,
= —B2 1 [2Bzzcos 2(‘Ps+\l'0) - B,, sin (‘Ps+‘l’0)] 3/8i + 5/3i

-1/2 ~V2g- vy v’
ta, (-2a1) ZuTVZB, 1 (A, 3B, (A21cosv’+2A22c052v') Y

~

The following time-dependent partial derivatives are used only when the differential correc-
tion includes periodic terms through the second order.

By Equation 143.2,
M, = -(a+b1)’1 {A1v1+A“sinv’+A12sin2v’
+cajl (—Ze;tl)‘/zul/2 [Bl’ ¥, +B,, cos (‘I’s +9,)

+2B,, ¥, cos 2(¥_+¥,) +B,;cos 3(¥_+V¥) +B,, sin4(¥, +w0)]}
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Thus, for i = 1, 2, 3,

g o 22

12

+ sin 2v'
aq,
1 du
V2 [ ;-1 —
(2 u Jq;

BBI’

) cos 2(¥,_ +¥,)

- [B“ sin (¥, +¥,)

v, ov,
4B, cos 4(v, +¥,)] (55~ + 74,

v, '
98, [Busm (¥, +¥,)

i

0w,

v,
+ ﬁl—

2

oM, . b, A,  dv, aA,
3qi = - (a+b1) M2 84; 7 ‘—‘aqi + vl—aqi + A, ——aqi +51nv’——aqi
/ N 9V’ -
+ (A, cosv +2A12c052v) aq, +tca,l (-2a1)1/2u
+ l =1 aal - —13?._2. ’
2 %1 dq %2 dq, [Bl ¥, *By,cos (¥, +¥) +2B,,¥, cos 2(¥, +¥)
+Bygcos 3(F, +¥,) +B,sin4(¥, +¥,)] +c?a;?
v JB JdB v
, 7 1 12 1
+By 7q, *cos (¥, +¥,) Jq- +2<\1'l 5a, * Bisda,
aBl3 aBl4
+ cos 3(\11s +‘P0) Ja. +sin4(‘{1s +‘I’0) dq
i i
T4B,,¥, sin 2(¥_+¥,) +3B,, sin 3(¥, +¥) -
Also, for i =1, 2,
M ‘ av '
2 _ _ _1‘ , , v
B, - -(a +b1) 1 {Al 3B, + (A“cosv +2A,, cos 2v) 3z,
_ ¥,
tc?agt (-2a,)V2uV2 B/ 3B, * 2B,, cos 2(¥, T
+4B ¥ sin2(¥_+¥,) +3B,,sin3(¥ +¥ ) -4B,, cos 4(¥, +\po)] (a—ﬁi
By Equation 143.1,
— ¢ -1
E, = [1-e cos (€+E,)] 'm
Thus, fori =1, 2, 3,
JdE aM
2 -
7q. = I:lﬁe'cos (8+E1)] ! aq‘z

- M, [l—e’ cos (E'+El):l-2 [}’ sin (8+E1) (W

9E,

€& +W) - cos (8 +E1)

de’
(3qi
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Also, for i = 1, 2,

£) _, M . ' JE
6132 = [l‘e’cos (8+E1):| la—ﬁ—.z-—M2 [l—e' cos (€+El)] 2e'sin (8+E1) (% +aﬁl)

Since E = €+E, +E,, then, for i = 1, 2, 3,

9 _ o€ 9E, N 9E,

dq; ~ dq; " dq, " dq,
Also, for i = 1, 2,

JE € JE, IE,

By the anomaly connections, taken to second order (where we choose the notation v rather

than v m),

cosv = (cosE-e) (1-ecosE) 1 |
and
sinv = (l—ez)l/2 (l—ecosE)'lsinE ,
where
v, = v-v' o= v—(Ms+v0+vl)
Then, for i =1, 2, 3,
v JE _ gv'  9vy
aqf = [(1—e2) sinqu—i +8,, sian] (sinv) 1 (1-ecosE) 2 —(a—ql +5Ei-
Also, for i = 1, 2,
av oE av' av
2 —a2) o syl -2 2 _(ov. 1
3B, (1 e)san(sxnv) (1-ecosE) 3B, <8ﬁi +a'3i

v v Vi Yy
dq, dq, ' dq;  dq;

30



Also, for i = 1, 2,

By the corrected version of Equation 145,

~B; 1 [-B,, ¥, sin (¥, +%,) +2B,,V, cos 2(¥, +¥,) +B,, cos 3(¥, +¥,)

+B,, sin 4(‘I’s+‘l’o)] ta, (—201,1)'1/2u“1/""B2_l (szz"'A“v1 cos v’

’ - ’ . 1
+2A22vlcos 2v +A,3s8in3v +tA,, s1n4v)

for i = 1, 2, 3,

B2 [-B,, ¥, sin (¥, +¥,) +2B,,¥, cos 2(¥_ +¥,) + B,, cos 3(¥, +¥,)

3B, EL
+B24sin4(‘lls+‘l’0)] Ja, ~ B4 (Wi da, *Baidg,) sin (¥, ¥)

B, B

. 24
5q. +sin 4(‘{!s +\1!o)

dq;

dB,, oY, . .
+2\¥, 3q, *Bi;3q,) cos 2(¥, +¥) *cos 3(¥, +¥)

- [Ba1 ¥, cos (¥, +¥,) +4B,,¥, sin2(¥, +¥,) +3B,,sin 3(¥, +¥,)

v, oY,

_9° -1/2 ~v2g -1 92, 1 —1‘1‘—1 oy gu
- 4B,, cos4(¥, +‘Po)] 9q, * EEW A (-2¢,) u B, " |3a. ~ 7 %2 (™ dq, Ut Gq;

X

9B,

’r2B2_1 E)jl (A2 vy tA, vycosv’+ 2A22 v,ycos 2v' +A,;sin3v’ +A,, sin 4v')

/2 , dA, av, 9A,, ov,
_ - -1/2p-1 2 2 L :
+CL2 ( 20,1) /2 4-1 B2 v, aqi + A2 aqi + v, aqi + A21 aqi cos v

aA“ v, , ) ) aAz3 ) , aA“
+2 v, aqi +A22_3Cli cos 2v' + sin 3v aqi + sin 4v aqi

- (Anvl sinv’ +4A,,v,sin2v' ~3A,, cos 3v’ ~4A,, cos4v')

v

aq.

’

1

}
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Also, for i =1, 2,

oV _ ¥,
3B, - By! [le sin (¥, +¥,) -2B,, cos 2(¥, Jr‘Po)] 3B,

i

+ [B21 ¥, cos (Ws +‘I'o)

. ) v, I¥,
+4B22'I’1 sin 2('I‘s+lI’O) +3B2351n3(‘~175+'{'o) -4B,, cos 4(‘Fs+lPO)J 8. +0_,8.
1 1

-1/2 ~1V2Rp-1 v, Iv
ta, (—2a1) u B, LAZ 38t (A21 cosv' +2A,, cos 2v’) 3B,
1 1

i

- (A,“vl'sinv’ t4A,,v,sin2v' -3A,; cos 3v’ ~4A,, cos 4v’) %J

Since ¥ = ¥_+9¥, +¥ +¥,, then fori =1, 2, 3,

v _ 9%, . Y, . oY, . v,
9q; da; " dq; " dq; " dq;

Also, for i =1, 2,
o Y, IY, v, oY,

98, ° B, '35, '35, T,

This concludes the evaluation of the partial derivatives of the uniformizing variables E, v,
and ¥ when the computation is followed through terms of the second order. If, however, second-
order precision is not required, then the partial derivatives ofM,, E,, v,, and ¥, may be omitted,
and the foregoing partial derivatives of the uniformizing variables reduce to

9E 98 IE,
dq, ~ Jdq + dq,
v _ dv' . v,
dq; dq; ~ dq;
and
ov ¥, 9%, oY,
dq; dq; aq; aq;

The partial derivatives of E, v, and ¥ with respect to B, (i = 1, 2) are similarly reduced.
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We now continue with the necessary equations preparatory to determining the partial deriva-
tives of the inertial coordinates X, Y, and Z,

By special cases of Equations 104

with y=¥#(1/2)m,

cosE, = (l—e2 sin‘l’)"1 (ez—sin‘l’) ,
sinE, = (l—ez"’)ll2 (l—ezsin\I’)“lcos‘P )
and
cosES' = (1 +e35in‘1’)—1 (e3+sin‘l’) .
sinE, = -(1-e32)1/2 (1+e3 sin‘l‘)_l cos ¥
Thus, for i =1, 2, 3,
JE,’ v _ de
aqzi = (l—ezsin‘l’)_1 ‘:(1—e22)1/2 9_q,—_ (1-e22) ZCOS‘I’ﬁ]
and
9E ] - o172 0¥ A~ V2 ﬁ
aqi = (1+e3 51n‘l') (l—e3) da, + (1—e3) cos ¥ da,
Also, for i =1, 2,
oE .’ 9
a—;i = (1-e,sin¥®)7! (1_622)1/2 t% ’
and
JE.' v
a,@i = (lﬂLess'ln‘I')_1 (1—632)1/2m

By Equations 114.1 and 114.2,

1 - ] - !
Xo = 7(1-2{) l/2]52 + 5 (1+20) 1/2E3
and
1 - , - '
) (1-20 1/2E2 (1+20) 1/2E3
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Thus, for i =1, 2, 3,

9%, 1 dE; 4 JE.
= = - ~1/2 < = - __3 l i - N - J
dq, 7 (1-20) Gq, T2 (1225 43 [E2 (1-20)¥2 - B/ (1+20) 3/2] aqi ,
and
0x1 1 aE ! SE !
- 1 - 1 _ 3 1
= - va2 2 _ 1 v 1 , ~ , ) 3
dq, 2 (1-20) aq T2 (Ar2)TVEGS 45 [E2 (1-20)"¥2 + E/ (1+20) 3/2] qéh

Also, for i = 1, 2,
d X JE, OE .

9B; - %(1-24)-1/2713% +%(1+2§)‘1/2 3,33i )
and
%Z_li ) '3“'2@)"”%%{ 7 (1+20) Wm—ﬁi
By Equation 150,
¢ = By~ clay (2a )‘1/2 (A:‘xv+1-\:“sinv+A32sin2v+A335in3v+A34 sin4v)

+ogagtul’? {(1 -8y V2 [(hl +hy) Xo + (h;~h)) Xl]

3 3 2024
+ B3‘I'- ) ClCchos‘I’ t 35 C2 Q%sin 2¥
Thus, for i = 1, 2, 3,
3 \ y ao,3 , aal
—_— = - - -2 - - . .
3a, c ( 20.1) 3q. +a3( 2a1) 3/2 3q (A3v+A3lsan+A3251n2v

i i

) dA, 9A;, 9A,,
tA;;sin3v+Ag, sin4v) - c?2a ( 2a ) 1/2 V_6q4 +sinv _—0q +51n2v_(;cl -
i i

9A;, 0A;,
+sin 3v 3 3q, +sin4v 6q (A +Aj cosv+ 2A32cos2v+3A33cos 3v

v B aa3 c?a 1
Fan,, cosav) gac| + o Tt/ (Ged agat g v g agutgan) {972 [(ny 4hy) g
3 3
+ (h1 —hz) Xl] +B;¥- 4 C,C,Qcos¥+ 35 C22Q2 sin2‘l’}

d

1
tazay tul?4g 8, (1-8)7¥2 [(h1+h2) xo * (hy=hy) Xl:l t(1-8)" V2 [(h1+h2) aZ?
I% ah, ah,] 9B, 5 ac
+ (b~ h,) dq, +(X0+X1)a—qi+(X0_X1)a_c]?:|+‘l’—a_q_:_7<czQﬁ

aC, 9Q 3 0C, 8Q
+C1Q 6q. +C C2 aq cos‘I’+EC2Q Q—aq. + C2 9q. sin 2¥
1

3 _ 3 : o
' (Bs +7 C,C,Qsin¥ + 75 C,2Q? cos 2\[') aq,
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Also, for i = 1, 2,

aal?i = _Czas(_zal);l“ (A3+A31°°SV+2A32C°S 2V+3A33<:°S3V+4A3“Cc’s“v) aa_Bv;
taja;lu¥2 {(1-8) 12 I:(hl+h2) 3—% + (hl—hz) 321.]
+ (33 + %ClczQsin‘P + %CZZQ’ cos 2‘1‘) a_a,a%
and
% = 1.
Since the spheroidal coordinates are given by
p = a(l-ecosE) s
and
n = P+ Qsin¥
then
% = l—e(cosE-asinE'g_:%) ’
% = a(esinE%Ee"- cosE) ,
and
3—g = aesinEg—g

Also, for i = 1, 2,

JE
aesinE —_3,3.
1

v
=
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Further, for i = 1, 2, 3,

and, for i = 1, 2,

The partial derivatives of o and n with respect to 5, are both zero.

Finally, the inertial rectangular coordinates are given by

X = (p2+c2) (1—7)2) cos ¢ ,

Y = (p2+cz) (1—772) sin¢ ,
and
Z = pn-3
Thus, for i =1, 2, 3,
o oY [p<p2+c2) ‘g - (i-n?) ]
and
9z an dp
daq; ~ P agq; * 7 3q;
Also, for i = 1, 2,
T [p<p2+c2>“ sh - n(i-n7) ;’ﬁT] Y
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and

and

OBSERVATIONS OF THE RIGHT ASCENSION-DECLINATION TYPE

The differential coefficients in the form of partial derivatives of the inertial rectangular
coordinates with respect to the orbital elements are completely general in the sense that they are
functions only of the mathematical theory of orbital satellite motion. Thus, they are applicable to
observations of spacecraft position recorded in any format whatsoever. Previously, it was
assumed that the observational data were recorded as direction cosines with respect to a topocentric
latitude-longitude-zenith coordinate system. Another format frequently used for recording obser-
vational data is the right ascension-declination type. In this section, we shall discuss the minor
variations in the equations that arise when this type of data is utilized.

The coordinate system adopted for the use of right ascension-declination data is also situated
at the tracking station on the earth's surface, but its three coordinate axes are parallel to the
respective axes of the inertial system. Again designating the topocentric '"local" coordinates by
the subscript "M, in this case, the Z,-axis is parallel to the earth's polar axis, and the X, -Y,
plane is parallel to the equatorial plane of the earth. The X,-axis extends toward the vernal
equinox, with the Y, -axis orthogonally to the east to form a right-handed system.

The observed right ascension «, is measured eastward from the vernal equinox, and the ob-
served declination 3, is measured as positive above, and as negative below, the equatorial plane.
The corresponding computed values of the right ascension and the declination are given in terms
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of the local coordinates by

Yu
a, = arctan _X: !

and

Zy
8 = arctan [——3| *
c 2 2\ /2
(%7 + )

In order to obtain a satellite's local coordinates from its inertial coordinates, the inertial
coordinates of the observation point at the time of observation, denoted (X, Y., Z,), must be
known. However, no rotations are necessary to bring the two systems into coincidence in this
case, since the topocentric and inertial coordinate systems are parallel. A single translation will
suffice. Hence, the relationships for the local coordinates of the satellite are simply

X, = X=X,

Y, = Y-Y.,
and

z, = Z-1Z;

Notice that the foregoing simplified relationships are obtained from those of the direction-cosine-
data case by the artifice of setting v = 0 and 6, = #/2 in the corresponding equations for X,,
Yy, and Z, given earlier.

The first-order Taylor's series expansion for the equations of condition corresponding to each
time of observation are

6 da_
ay, " a, = E —_aqi Aqi s

i=1

and
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where q; (i = 1, 2, - - -, 6) are the orbital elements. Expanding the foregoing partial derivatives by
the chain rule yields

da da_ 9%, da_ Y, da_ 9Z,
9%, 9a, ' 9Y, 3q, ©9Z, 3q,

and

a8 3%, 90X, 9%, 9Y, a5 09z,
9%, 9a, T 9y, 9q; ' 9z, da,

From the expressions for o_ and §_ in terms of the local coordinates, we find -

g Mu
6)(“ rM2
9%, A
Y, ruz
L
9z, g
98 Xy Zy
a = —_ y
r, R}
938, Y, Z,
OYM - r. R2
and
AT
6Zu RM2

1/2

where R, = (X2+Y2+Z2) and r, = (x"2+Y"2)1/2.

Since the station coordinates X, Y;, and Z. are independent of the orbital elements (and
merely geodesic functions), the following simple relationships apply.
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dq, dq,
and

9z, 4z

dq, ~ dq;

The differential coefficients, 9X/9q,, 6Y/dq,, and 9Z/9q, (i = 1, 2, + - -, 6) are precisely those
that have been evaluated previously in the differential correction scheme.

REMARKS

The differential correction process removes inaccuracies of the initial conditions (the nominal
observations) and accounts for the effects of forces not considered by the analytical orbital theory.
Such neglected forces may include aerodynamic drag, electromagnetic effects, solar radiation
pressure, meteoric bombardment, and residual gravitational influences (including those arising
from lack of spherical symmetry in the satellite, as well as perturbing planetary potentials). This
is all accomplished by producing a mean set of orbital elements through an iterated least-squares
fitting of the first-order Taylor's series expansion of the conditional equations to numerous ob-
servational values. Generally speaking, the fitting will improve as greater numbers of observations
are considered and as the time span represented by the observational data is lengthened. However,
the complexity of the mathematical processes involved in the fitting increases rapidly as additional
observations are admitted. Because of this latter constraint, it is often advisable to perform re-
peated differential corrections at various intervals of time (known as "epochs') rather than at-
tempt to accommodate all of the data in a single iterated fitting.

The orbital improvement method of differential correction discussed in this paper has been
programmed, primarily in the FORTRAN language, for use on a large-scale electronic digital
computer. The analytical nature of the entire procedure assures a very rapid computational
process. Application of the differential correction (combined with an orbit generator of position
and velocity components) has been made to both actual observational data of artificial earth sat-
ellites and to artificially generated '"data’ for extremum cases, e.g., polar and equatorial orbits,
The results have proven entirely favorable. Particular experimental applications will be published

in a later paper.
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Appendix A
Functional Dependencies of the Partial Derivatives

The following tables are intended to display the interrelationship of the various parameters
whose partial derivatives appear in the differential correction. The partial derivative of each
parameter in the left column is seen to be a function of those, and only those, partial derivatives
of parameters occurring in the respective line of the right column. There is a certain amount of
flexibility in the ordering of the partial derivatives occurring in the differential correction, as is
demonstrated by the functional dependencies illustrated by these tables.

Note: In Tables Al and A2, the asterisk indicates partial derivatives of the parameters used
only if the differential correction includes periodic terms through the second order.

Table Al

Time-independent Partial Derivatives
(All taken with respect to orbital elements a, e, and S.)

Functional dependence on other

Partial derivative partial derivatives

P (none)

b, P

b, p, b,

Po P, b, b,
%2 Po

(20 Po)”* b,. Py

u Py (ao po)'l
C, (2o po) 1 u
C, Py u, C,

P Py w, C,

a b
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Table Al (Continued)

Partial derivative

>
w

w w w ] N
w N - N [

mow>>>>:>:>
-

Functional dependence on other

partial derivatives
&) &)

P, b, "\p
&) &)

P \b, P

P, by, b,

P, by, b,

P, by, b,

P, by, b,

P, by by

P. b,

P

P

C,. C,

C,. C,

P, Q

P, Q

bl

G, u

C,, C;, P, Q

C,.C;,P,Q

C,,C..P,Q

C,, Q

C,,C,, P, Q

C,. €., Q

b,.a;, A, A, B/, B,

bl, o, U, Al, A2, Bl', B,

P, by b, |

P, b,

p, by, b,




Time-varying Partial Derivatives (All taken with respect to orbital elements
a, e, S, B,, and 3,. Exception: ¢, X, and Y are taken with respect to 3,, as well.)

Partial derivative

. L Functional dependence on other
Partial derivative partial derivatives

*A, . P, b,

*Byy c, P, Q

*B, , c,,Q

*B,, c,. Q

*st Cz' ¢,-Q

*B24 CZ’ Q

Table Al (Continued)

Table A2

Functional dependence on other
partial derivatives

ay Bys By, (27v4)
by, ag, Ay, Ay, (27v))
e’, M,

M_, €

az,u,al,Az,Bz,v0

b, ayu,a;, AL AL B B, B, W, v, W,

F

e',S,Ml
M., v,

i
S,El,v

:
Qpr Uy Gys Ags Agys Aggr By By Bypr ¥,n ¥ V7, vy

'
bl’a2’u'al’Al’Bl’B12’A11'A12’B11’B13’B1V

.
Y., ¥,V VL,

e',E',El,M2
S,EI,E2
v',vl,E

K
vi, v, v,
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Partial derivative

*\pz

Table A2 (Continued)

Functional dependence on other
partial derivatives

@y Uy @y Aji gy Ayge By Byys Byys Agss Ay

Bys Bogr ¥ Woo Vi, vy, ¥y, vy

v, ¥, ¥, ¥,

e, ¥

e, ¥

{,E/, E;

L, By, By

o, u, C2, C,. oy A, A31‘ A, Ay, A,,,Q, hy,
h

B;, v, ¥, X4, X,

2> @3+ By,

»Q, ¥

& & U o
>
3
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conducted so as to contribute . . . to the expansion of human knowl-
edge of phenomena in the atmosphere and space. The Administration
shall provide for the widest practicable and appropriate dissemination
of information concerning its activities and the resulis thereof.”

—NATIONAL AERONAUTICS AND SPACE ACT OF 1958

NASA SCIENTIFIC AND TECHNICAL PUBLICATIONS

TECHNICAL REPORTS: Scientific and technical information considered
important, complete, and a lasting contribution to existing knowledge.

TECHNICAL NOTES: Information less broad in scope but nevertheless of
importance as a contribution to existing knowledge.

TECHNICAL MEMORANDUMS: Information receiving limited distribu-
tion because of preliminary data, security classification, or other reasons.

CONTRACTOR REPORTS: Scientific and technical information generated
under a NASA contract or grant and considered an important contribution to
existing knowledge.

TECHNICAL TRANSLATIONS: Information published in a foreign
language considered to merit NASA distribution in English.

SPECIAL PUBLICATIONS: Information derived from or of value to NASA
activities. Publications include conference proceedings, monographs, data
compilations, handbooks, sourcebooks, and special bibliograpbies.

TECHNOLOGY UTILIZATION PUBLICATIONS: Information on tech-
nology used by NASA that may be of particular interest in commercial and other
non-aerospace applications. Publications include Tech Briefs, Technology
Utilization Reports and Notes, and Technology Surveys.

Details on the availability of these publications may be obtained from:

SCIENTIFIC AND TECHNICAL INFORMATION DIVISION
NATIONAL AERONAUTICS AND SPACE ADMINISTRATION
Washington, D.C. 20546



